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Abstract
We study asymptotically Lifshitz solutions with critical exponent z 6= 1 in Horˇava gravity in three
and four spacetime dimensions. For z = 2 and z = 3/2, we find a novel class of numerical solutions
with regular universal horizon, but are characterized by non-analytic behavior near infinity. In the
interior, inside the universal horizon, the unit timelike vector field associated with the preferred time
foliation exhibits oscillatory behavior, qualitatively similar to that found earlier in asymptotically
flat solutions. For z > 2 no solutions of this type appear to exist. We comment on potential
applications to holographic Lifshitz dualities.
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I. INTRODUCTION
Over the past decade holography has become an important tool to describe strongly
coupled condensed matter systems. Since many real world systems of interest are non-
relativistic, there has been growing interest in constructing gravitational models that exhibit
non-relativistic Galilean or Lifshitz symmetries. In this paper we will focus on dual Lifshitz
theories, where boost invariance is broken and space and time scale in an anisotropic way
xi → λxi, t → λzt. The dynamical exponent z in general will differ from unity. A field
theory with this type of symmetry is thought to describe quantum critical points, which
characterize zero temperature phase transitions associated with quantum fluctuations [1].
On the gravitational side, it was shown that Einstein gravity with various additional
matter fields in the bulk can have solutions with asymptotic Lifshitz scaling [2–4]. In these
cases the dual gravitational theory is of course relativistic, with local Lorentz invariance.
The Lifshitz scaling emerges only as feature of a special class of solutions, supported by the
exotic matter fields. A more natural, alternative dual description is in terms of a gravity
theory with a preferred frame [5, 6].
One such theory is Einstein-aether theory [7], where in addition to the metric there is a
dynamical unit timelike vector field acting as an “aether”. Einstein-aether theory has been
studied extensively as an alternative theory of gravity (i.e. focusing on asymptotically flat
and cosmological solutions), for a review see [8]. Another theory is Horˇava-Lifshitz gravity,
or Horˇava gravity for short, which has attracted much attention as a possibly renormalizable
quantum theory of gravity [9]. Horˇava gravity can be thought of in the low energy limit as
Einstein-aether gravity restricted to the case where the aether is hypersurface orthogonal,
defining a preferred time.
In [10] the authors showed that Horˇava gravity (with negative cosmological constant) is
a viable setting for non-relativistic Lifshitz holography and worked out some aspects of the
holographic dictionary. In holography, thermal states in the field theory are dual to black
hole solutions in the bulk gravitational theory. Therefore to study Lifshitz hydrodynamics
we need to find black hole solutions and their associated thermodynamics. However, in a
theory of gravity with a preferred frame the loss of relativistic causality leads to the existence
of apparently multiple horizons, which clashes with the laws of black hole thermodynamics
see e.g. [11–13]. A potential resolution is to define a black hole via the existence of a
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“universal horizon”, a spacelike surface where even modes of arbitrary speed do not reach
infinity [14, 15]. The universal horizon is defined in terms of the preferred time foliation,
in particular it is the surface where the preferred time τ → ∞. Several works have shown
that one can indeed define a notion of temperature and a First law for the universal horizon
[16–19].
Asymptotically Lifshitz black holes with regular universal horizons have previously been
found in Horˇava gravity. In particular, in the special case where z = 1 there is an analytic
black hole solution [20] in four dimensions. One can perturb this solution in the context
of the fluid-gravity correspondence and read off some of the transport coefficients of the
dual theory [21, 22]. However, the generic z 6= 1 cases are of the most interest. Recently,
[23] found a numerical solution in three dimensions for z = 2 and special choice of coupling
constants.
In this paper we show numerically that there exist a wide class of solutions with regular
universal horizon for z = 2 and z = 3/2 in both three and four dimensions. Near infinity,
these solutions have non-analytic behavior, where series expansions are in terms of non-
integer powers. We also explore the interior and show there is oscillatory behavior in the
aether field, just as in asymptotically flat cases. Curiously, for z > 2 no solutions of this
type appear to exist. The structure of this paper is as follows. In Section II we briefly
review Einstein-aether theory and how hypersurface orthogonal solutions are also solutions
of Horˇava gravity. In Section III we discuss asymptotic Lifshitz solutions, which can have
analytic and non-analytic behavior when z 6= 1. In Section IV, we discuss generic features
of black hole solutions, including how one imposes regularity. In Section V we present our
results. We conclude with a discussion and areas for future research.
II. EINSTEIN-AETHER AND HORˇAVA-LIFSHITZ GRAVITY
The action for Einstein-aether theory with a negative cosmological constant Λ is
Sae =
1
16piGae
∫
dD+1x
√−gLae , (1)
where Lae = R + Lvec + 2Λ, with
−Lvec = KABCD∇AvC∇BvD − λ(v2 + 1) , (2)
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and
KABCD = c1g
ABgCD + c2δ
A
Cδ
B
D + c3δ
A
Dδ
B
C − c4vAvBgCD . (3)
This turns out to be the most general effective action for a timelike unit vector field at 2nd
order in derivatives (a term proportional to Ricci tensor contracted with two aether vectors
is a combination of the c2 and c3 terms above).
Varying this action with respect to the metric, vector field, and the Lagrange multiplier
λ, one finds the following field equations
GAB + ΛgAB = T
ae
AB, EA = 0, v
2 = −1 . (4)
The aether stress tensor is given by
T aeAB = λvAvB + c4a
(v)
A a
(v)
B −
1
2
gABY
C
D∇CvD +∇CXCAB + c1[(∇AvC)(∇BvC)− (∇CvA)(∇CvB)] ,
(5)
where
Y AB =K
AC
BD∇CvD , (6)
XCAB =Y
C
(AvB) − v(AYB)C + vCY(AB) , (7)
and a
(v)
A = v
B∇BvA. The aether field equation is
EA = ∇BY BA + λvA + c4(∇AvB)a(v)B . (8)
One can show that solutions of Einstein-aether theory where the aether is hypersurface
orthogonal are also solutions of Horˇava-Lifshitz gravity [24]. In this case the aether foliation
defines a preferred time foliation in the spacetime. First note that when the aether field is
hypersurface orthogonal, the twist
ωAB = v[A∇BvC] (9)
vanishes. One can show that
ω2 = (∇AvB)(∇AvB)− (∇AvB)(∇BvA) + a2(v) . (10)
Since squared twist must also vanish, adding it to the action doesn’t affect the solutions.
Due to the fact that this scalar twist is a combination of the c1, c3 and c4 terms, we can use
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the freedom to add ω2 to eliminate one of c1, c3 or c4 in the action. A convenient choice is
to eliminate c1, therefore we take c1 = 0 from this point forward.
Secondly, hypersurface orthogonality implies the co-vector is the gradient of a scalar
vA =
−∂Aφ√
gCD∂Cφ∂Dφ
. (11)
If we choose coordinates such that φ = τ , where τ is the preferred foliation of time, then in
this gauge the Einstein-aether action reduces to the generic D+1 form of the Horˇava-Lifshitz
action (e.g. [10])
SHL =
1
16piGH
∫
dτd3x
√
γ
(
KabK
ab − (1− λ)K2 + (1 + β)R(3) + α˜∇aN∇
aN
N2
)
. (12)
Here Kab is the extrinsic curvature of the preferred time slices, γab the spatial metric on the
slices, R(3) the intrinsic Ricci scalar and N is the lapse function, vA = −NδτA. The mapping
between the constants is given by
1 + λ =
1 + c2
1− c3 , α˜ =
c4
1− c3 ,
GH
Gae
= 1 + β =
1
1− c3 . (13)
In Einstein-aether theory there are five propagating degrees of freedom with spin-2, spin-
1, and spin-0 helicities [26]. In Horˇava-Lifshitz the spin-1 mode is non-propagating. The
squared speeds of the remaining modes are given in general space dimension D by [10]
s22 =
1
1− c3 , s
2
0 =
(c2 + c3)(D − 1− c4(D − 2))
c4(1− c3)(D − 1 +Dc2 + c3) . (14)
III. LIFSHITZ ASYMPTOTIC SOLUTIONS
We begin to characterize solutions by considering the following ansatz for the metric and
aether in terms of Eddington-Finkelstein like coordinates
ds2 = F (ρ)dt2 − 2G(ρ)dtdρ+ ρ2dxidxi, (15)
vAdx
A =
G(ρ)2 − F (ρ)K(ρ)2
2K(ρ)G(ρ)
dt+K(ρ)dρ . (16)
Here the aether field is hypersurface orthogonal (vanishing twist), so that solutions will
satisfy both the Einstein-aether and Horˇava-Lifshitz field equations. In practice, we will
work with the Einstein-aether field equations. Plugging the ansatz into these equations
leads to a complicated set of second order ordinary differential equations for the functions
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F (ρ), G(ρ), and K(ρ). One can take solutions in this case and re-express them in a gauge
where vA only has time component. In this frame, the solution will also satisfy the Horˇava-
Lifshitz field equations.
In holography, the coordinates (t, xi) are identified with the dual field theory, while ρ is
the bulk radial coordinate. Lifshitz scaling by definition is an anisotropic scaling of space
and time in the field theory: xi → λxi, t → λzt. In the full bulk metric we require an
invariance under this scaling, with ρ→ λ−1ρ. This leads to the asymptotic form as ρ→∞
ds2 ∼ −ρ2zdt2 + 2ρz−1dtdρ+ ρ2dxidxi
K(ρ) ∼ 1
ρ
. (17)
When z = 1 we have the standard AdS asymptotic metric. If we plug this generic form into
the field equations, one finds the following consistency conditions for it to be a solution [10],
c4 =
z − 1
z
,Λ = −(D − 2 + z)(D − 1 + z)
2
. (18)
Asymptotically Lifshitz solutions were first studied in detail in [20] in four-dimensional
spacetime (D = 3) by expanding the field equations in a power series around r = 1/ρ = 0.
It was found that the behavior of solutions separates into two classes depending on if z = 1
or z 6= 1. In the z = 1 case there is a solution characterized by two free parameters Ce and
Ca. The series solution for G(ρ) and F (ρ) truncates and it was ultimately shown that there
is a full analytic solution for general ρ given by
G(ρ) =ρ2
F (ρ) =ρ2 +
Ce
ρ
+
c3(Ce + 2Ca)
2
4ρ4
K(ρ) =2
(√
4ρ14 + 4Ceρ11 + (1− c3)(Ce + 2Ca)2ρ8 + (Ce + 2Ca)ρ4
4ρ5(ρ3 + Ce)− c3(Ce + 2Ca)2ρ2
)
. (19)
This solution depends only on c3. Note that for z = 1, c4 = 0.
In the z 6= 1 case there appears to be no analytic solution for general ρ. The behavior
of asymptotic solutions was determined to be dependent on the analyticity properties of
the solution ansatz. If we assume the functions F (ρ), G(ρ), and K(ρ) are of the form of
their leading asymptotics (17) times an analytic function, then the resulting series solution
depends generically only on one free parameter. On general grounds [25] there should be
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a two parameter family of solutions near infinity. This indicates this ansatz is a restrictive
special case that does not reflect the general properties of the asymptotic solutions.
Instead [20] noted that one can allow for non-analytic behavior by imposing
F (ρ) =ρ2z
G(ρ) =ρz−1
K(ρ) =ρ−1(1 + a∆ρ−∆). (20)
Substituting into the field equations, it was found that
∆ =
1
2
z + 2±√(z + 2)2 − 8(1− c3)(z − 1)
c2 + c3
 , (21)
restricting attention to non-negative cases. In general ∆ is not an integer. In this way it
was found that z 6= 1 solutions are indeed characterized generically by two free parameters
which are the coefficient of ρ−∆−1 in the expansion for K(ρ) and the coefficient of ρz−2 in
the expansion of F (ρ). Note that in special cases where z 6= 1 one can choose c2 so that ∆
in (21) is an integer. In this particular case one has an analytic power series solution around
infinity that depends on two free parameters.
Recently, [23] studied asymptotic Lifshitz solutions for the three-dimensional case (D =
2). They imposed the following condition of analyticity on the power series solutions around
infinity
F1(ρ) =
(
1 +
f1
ρν?
+
f2
ρ2ν?
+ · · ·
)
G1(ρ) =
(
1 +
g1
ρν?
+
g2
ρ2ν?
+ · · ·
)
−U(ρ) = ρz−1
(
1 +
u1
ρν?
+
u2
ρ2ν?
+ · · ·
)
, (22)
where U(ρ) = vAξ
A and ξA is the timelike Killing vector field. In order to have a non-zero
and finite ADM-like mass it was found that ν? = z+ 1. The field equations imply that there
is a restriction to a subset of solutions with particular c2. The relevant condition on the
couplings is
c2 + c3 =
4(1− c3)(z − 1)
ns(ns − 2)(z + 1)2 , (23)
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where ns is an integer ≥ 3. The solution again depends on two free parameters. The
advantage of these power series solutions is that one can define and read-off the total mass
(per unit volume) of the black hole and then construct a First Law of thermodynamics based
on the temperature and entropy of a universal horizon. However, in the following we will
show in many cases that there are regular black holes with universal horizons that do not
necessarily have analytic behavior near infinity.
IV. REGULAR BLACK HOLE SOLUTIONS
Asymptotically Lifshitz solutions are generally characterized by two free parameters.
However, there is no guarantee that these solutions are regular everywhere in the bulk
interior. Singularities generically arise at the location of the horizon associated with the
spin-0 mode [14, 25]. In the z = 1 case, the speed of the spin-0 mode (14) is infinite,
so the horizon in this case coincides with the universal horizon. The universal horizon is
defined as the spacelike surface where ξA is orthogonal to the aether, i.e. U(ρ) = 0. For the
D = 3 global analytic solution, imposing regularity at the universal horizon amounts to one
additional condition relating Ce to Ca, [20] i.e.
Ce = −2ρ3h, Ca = ρ3h
(
1− 1/√1− c3
)
, (24)
where ρh is the location of the universal horizon. ρ
3
h is proportional to the total mass per
area of the black hole. Therefore one is left with parameter family of regular black hole
solutions. An analogous solution in the D = 2 case was later found in [27].
We now want to determine numerically whether other one parameter families of regular
solutions exist when z 6= 1. Following [14, 25] the idea is to impose regularity at the
spin-0 horizon and then integrate outwards to infinity, demanding the Lifshitz asymptotic
conditions (17). Practically, to implement this we redefine
F (ρ) =ρ2zF1(ρ)
G(ρ) =ρz−1G1(ρ)
K(ρ) =ρ−1K1(ρ) (25)
where F1(ρ) and G1(ρ) should approach a constant plus corrections near infinity, while K1
goes to unity. Asymptotic values of F1 and G1 depend on a choice of initial conditions at the
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spin-0 horizon, which is a reflection of the scaling freedom in the time coordinate t → αt.
Under this rescaling
F1 → α2F1
G1 → αG1
B1 ≡ K1
G1
→ αB1, (26)
but the combinations N1 = F1B
2
1 and M1 = G1B1 are invariant. Thus asymptotically
Lifshitz conditions are imposed universally by demanding these combinations of functions
approach unity at infinity.
For simplicity, the next step is to fix s0 = 1 so that the location of the spin-0 horizon
coincides with the usual metric/Killing horizon in the bulk which is where F (ρ) = 0. Fixing
z fixes c4 and then this condition can be used to solve for c2
c2 =
1−D +Dz − z + c3z − c3Dz + c23 − c23z
z − 2 + 2D − c3D −Dz + c3Dz . (27)
This choice can be made without loss of generality by making the following field redefinition
of the metric and the aether for a theory with arbitrary ci
g¯AB =gAB + (s
2
0 − 1)vAvB
v¯A =
1
s0
vA, (28)
which maps c¯i into ci and has the effect of mapping arbitrary s0 into s0 = 1.
To impose regularity at the horizon we consider a series solution ansatz
F1(ρ) =F
′
1(ρ0)(ρ− ρ0) + · · ·
G1(ρ) =G1(ρ0) +G
′
1(ρ0)(ρ− ρ0) + · · ·
K1(ρ) =K1(ρ0) +K
′
1(ρ0)(ρ− ρ0) + · · · (29)
where ρ0 is the location of the spin-0 horizon. Using the time rescaling freedom discussed
above we can fix one value, say G1(ρ0), at the horizon. Plugging into the field equations, we
find that the values of F ′1(ρ0), G
′
1(ρ0) and K
′
1(ρ0) are determined (in a very complicated form
using Maple) in terms of ρ0 and K1(ρ0). Thus, there is a two parameter family of regular
spin-0 horizon solutions in the Lifshitz case, which agrees with the earlier Λ = 0 results in
[25]. These local solutions of course will not generically be asymptotically Lifshitz.
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TABLE I: Values of the shooting parameter for several c3 values in D = 2, in units with r0 = 1.
c3 K1(ρ0)
0.1 1.06970
0.2 1.06169
0.3 1.05304
0.33 1.05031
V. ASYMPTOTICALLY LIFSHITZ BLACK HOLES FOR z 6= 1
To find regular Lifshitz black holes we use the shooting method. We fix a small value
of x = ρ − ρ0 and use the series solution above to find the initial radial values. Then we
integrate the field equations, a set of ordinary differential equations, out to infinity. The
initial values depend on K1(ρ0) and we tune this value until the combinations N1 and M1
approach unity at very large values of ρ, say 108. If the procedure finds a solution we will
have a fixed numerical value of K1(ρ), meaning that the asymptotic condition has eliminated
an additional free parameter. The resulting solution will depend on one free parameter ρ0
(similar to the Schwarzschild solution in GR, asymptotically flat Einstein-aether black holes
in [14, 25] and finally the z = 1 solution found in [20]). To determine the solution in the
interior, we then take the value of K1(ρ0) and use the series solution for small negative ρ−ρ0
to provide the necessary initial data to integrate inwards.
A. D = 2 Black Holes
First we study the three-dimensional Horˇava-Lifshitz theory can focus first on the z = 2
case. z = 2 is likely the case of most relevance for physical systems since in field theory the
symmetry group can be enhanced to include Galilean symmetries. For a range of c3 up to
about ∼ 0.4 we find regular solutions. In the shooting process one can see that for a range of
K1(ρ0) the values of N1 and M1 are  1 for very large ρ while for others they become  1.
The tuning leads to the set of values displayed in Table 1 where the asymptotic conditions
are met. The behavior of the functions for c3 = 0.1 is shown in Figure 1. We have chosen the
standard normalization/gauge where F1 and G1 approach unity at infinity. We performed a
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FIG. 1: Plots of F1 (dashed), G1 (dotted) and K1 (solid) vs x = r− r0 for c3 = 0.1 in D = 2. Here
r0 is chosen to be 1. In the interior the functions F1 and G1 diverge as x = −1 consistent with a
curvature singularity.
non-linear curve fit of this data to the asymptotic forms
F1(ρ) =1 +
f1
ρα
+
f2
ρ2α
G1(ρ) =1 +
g1
ρβ
+
g2
ρ2β
K1(ρ) =1 +
k1
ργ
+
k2
ρ2γ
(30)
the results yielded α ∼ 3.00, β ∼ 2.28, γ ∼ 1.40, which differs from the fall-off condition (22)
in ([23]) and is consistent with non-analytic (non-integer expansion) in K1(ρ) and G1(ρ).
While the solutions have a regular spin-0 horizon, for there to be a black hole in Horˇava-
Lifshitz gravity, modes of arbitrary speed must be trapped, so we require a universal horizon.
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FIG. 2: Plot of U(ρ)/ρ versus x for the solution in Figure 1. The function has multiple roots where
universal horizons are present and begins to oscillate wildly as the singularity is approached.
A universal horizon is located where
U(ρ) = −FK
2 +G2
2KG
= −ρz−1
(
F1K
2
1 +G
2
1
2K1G1
)
(31)
vanishes. For x ≥ 0 U(ρ) is negative. A plot of U(ρ)/ρ versus x in the interior is shown
in Figure 2. At x ∼ −0.1887, U(ρ) vanishes so there is indeed a universal horizon present.
In addition, note that the U(ρ) function tends to oscillate, so additional interior universal
horizons appear at for example x ∼ −0.7556 and x ∼ −0.94002. This is the same type
interior oscillation found in [14, 25] for asymptotically flat solutions in four-dimensions. To
see this behavior more clearly, we plot the function N1 versus x in Figure 3. Again this is
qualitatively the same type of behavior noted previously in the asymptotically flat cases.
The only noticeable change in the functions with c3 is that as its value increases, the size
of the interior peak(s) in K1 tends to decrease and the oscillation tends to smooth out. See
Figure 4. At and beyond c3 ∼ 0.35 no solutions appeared to exist generically. However,
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FIG. 3: Plot of N1 versus x for the solution in Figure 1. The function begins to oscillate rapidly
as the singularity is approached.
this particular value range may be an artifact of numerical errors or inaccuracies in our
simple first order series solution around the horizon. Solutions may exist for somewhat
larger values. Also for larger c3 there may be special solutions present. In [23], a regular
black hole solution was found numerically with c3 =
9
10
, which satisfies (23) for ns = 4. For
this choice of c3, we indeed found a nearly regular solution, at a very fined tuned value of
the shooting parameter. A singularity appeared at large x ∼ 100, which seems likely to be
due to numerical errors or an inaccuracy.
1. z > 2 Cases- No Generic Solution?
Now we will consider cases with larger values of the dynamical exponent z. First we
examined z = 3. In this case for a range of c3 the behavior of the solutions was different
than in z = 2. As we tuned the value of K1(ρ0) the asymptotic values of N1 and M1 tended
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FIG. 4: Plots of F1 (dashed), G1 (dotted) and K1 (solid) vs x = r − r0 for c3 = 0.3 in D = 2.
to remain very close to unity but always below it. For example, for c3 = 0.1 for K1(ρ0)
between 0.94 and 1.75 the value of N1 varied from 0.9843 to 0.9705. Below K1(ρ0) = 0.94
the initial conditions become complex. There was never a case where the asymptotic values
became greater than unity. We found the same type of behavior for z = 4 and also z = 5/2.
This indicates there are generically no regular asymptotically Lifshitz black holes for z > 2,
but it would be useful to probe this regime in more detail.
2. z = 3/2 Case
Perhaps z = 2 is another special value (like z = 1) where solutions exist. To check this
we considered the case where z = 3/2. Here we found again regular solutions for a range
of ci, similar to the z = 2 case. In Figure 5, we have plotted the solution c3 = 0.1, which
shows similar behavior to the z = 2 case (with less oscillation of K1)
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FIG. 5: A z = 3/2 solution in D = 2: Plots of F1 (dashed) , G1 (dotted) and K1 (solid) vs
x = r − r0 for c3 = 0.1.
B. D = 3 Lifshitz Black Holes
Now we consider four-dimensional black hole solutions. The behavior in this case through-
out is qualitatively similar to the three-dimensional case. First, for a range of c3 (here up
to about 0.4) we found regular z = 2 solutions. An example is shown in Figure 6.
Performing a Non-linear curve fit of our data for K1 to 1−K∆ρ−∆ leads to a reasonable
agreement between ∆ (∼ 3.83) and the value obtained in (21) (∼ 3.91 here) required by
the non-analytic expansion around infinity. In the interior, there are universal horizons
associated with the same type of oscillations appearing in D = 2 oscillations, and as c3
increased the behavior of the functions was the same as in the D = 2 case.
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FIG. 6: Plots of F1 (dashed) , G1 (dotted) and K1 (solid) vs x = r − r0 for D = 3 and c3 = 0.1.
Here r0 is chosen to be 1.
1. z > 2 Cases- No Solution?
We again consider z > 2, following the same methods as in the three-dimensional case.
As we tuned the value of K1(ρ0) the asymptotic values of N1 and M1 again tended to remain
very close to unity but always below it. For example, for c3 = 0.1 and for K1(ρ0) between
1.605 and 0.919 the value of N1 varied from 0.999179 to 0.9995. Below K1(ρ0) = 0.919 the
initial conditions become complex. We again conclude that no asymptotic Lifshitz solutions
of this type exist.
2. z = 3/2 Case
Finally, we again found solutions for z = 3/2 which are qualitatively similar to the z = 3/2
solutions in D = 2. An example is plotted in Figure 7.
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FIG. 7: A z = 3/2 solution in D = 3: Plots of F1 (dashed), G1 (dotted) and K1 (solid) vs x = r−r0
for c3 = 0.1.
VI. DISCUSSION
We found numerically a new class of z 6= 1 asymptotically Lifshitz black hole solutions in
three and four dimensional Horˇava-Lifshitz gravity. This class of solutions is distinguished
by the non-analytic behavior of the solution near infinity. In particular, for z = 2 and
z = 3/2, solutions exist for a range of c3. We also studied the properties of the solution
inside the horizon and showed there is oscillatory behavior in the aether field, just as in the
asymptotically flat case. Interestingly, for z > 2, there seem to be generically no solutions
of this type, although particular solutions with special values of ci parameters are likely to
exist.
In the future, it would be interesting to understand the nature of the non-analytic asymp-
totic solution in these cases. While a regular universal horizon exists, it is not clear whether
one can define a corresponding ADM-like mass for these solutions that can used to study
17
black hole thermodynamics, such as the First Law. Are there other distinguishing prop-
erties of solutions, such as stability or instability? From the point of view of holography,
these black holes describe the thermal state of a dual field theory with z 6= 1. What does
the nature of the asymptotic solution here tell us about the properties of the dual theory?
Finally, for other holographic applications, these solutions (in four-dimensions) may also be
useful as background one can perturb in the fluid-gravity setting, following [21, 22]. For
example, it would be interesting use these black holes to study the characteristics of fluid
transport coefficients in cases where z 6= 1.
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